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Statment: Kronecker Lemma

. -1
If sequences a, T oo and {3 | xn/an}re—; converges, lim, oo an ' > | Tm — 0.

Take ap = bo =0 and form > 1, by, := ;" | @x/ak. Then z, = am(bm — bm_1), SO
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It suffices to show limp—e0 )0 | “* 2= byn—1 = liMp00 bn = boo. Take

B :=sup |bn|. Fore > 0, ashmmﬁmbm —boo, IM € Ns.t. |bm — boo|, Ym > M. As
an 1 00, AN > M s.. a,, > 4Bam/e, Vn > N (Equivalently, ar/an, < €/(4B)).
Noticing that an:l(am — am-1) = ax — ao = ay, holds for all ¥ € N. Then whenever
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Generalization of Kronecker Lemma

Kronecker Lemma for Double Series

Let {ai;}, ;en+ be a double sequence of positive number s.t.
Q@ air1;—ai; >0 and Qi j+1 — a;; > 0 for all 4, j.
o Qit1,j+1 — Ai+1,5 — Qi j+1 + Q45 is of constant Sign.
@ a;; — oo as min(z,j) — oo.
co oo —1 m n q s o
IF> 22, D oo, wij/ai; converges, then a,, 57", > 7 | xi; — 0 @s min(i, j) — oo.

Remark:

@ Potentially useful to handling rectangular partial sums in research problems
related to spatial setting.

@ In the above statement, the convergence of {ai;j}: jen+ is defined as following:
{aij};, jen+ converges to a iff Ja s.t. Ve > 0, 3N € N s.t. whenever
min(4,5) > N, |a;; —a| < e.

© Refer to The Kronecker lemmas for multiple series and some applications for
further generalizations
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https://link.springer.com/article/10.1007%2FBF01904871

Applications of Kronecker Lemma

@ Establish SLLN for Martingales.

Kolmogorov’s Variance Criterion

Let X;, Xs,--- be independent, then (1) E(X,,) = 0 for all » and
(2) 3, E(X2) < oo together implies 3",, X,, converges a.s.

@ Take a,, = n® in Kronecker Lemma for some ¢ > 0. By Variance Criteria,
E(Xn)=0forallnand > E(n *°X;) < coimplies Y n~°X, converges a.s.
By Kronecker Lemma, it further implies that n=¢ %" X, — 0 a.s.
Remark: Tune the non-decreasing sequence a,, to obtain desired constraint.
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