PROBABILITY WITH MARTINGALES - CHAPTER 14 (PART 1) | SUMMER 2020

1 UI Martingales

1.1 Main Theorem

Let M be U.I. martingale, i.e. M is a Martingale on (2, %, {%#,},P) and {M,,} is U.L family. Then

1. My exists a.s. in £,

2. M, = E(Mu|Z0).

Q Interpretation: The best prediction or knowledge we have concerning the convergence limit M, at time n is
given by M,
1.2 Recall of Previous Theorem

1. [Section 13.2] U.L implies boundedness in .#* (Converse does not holds).

2. [Section 11.5 Doob’s Convergence Theeorem]|
Let X be a supermartingale bounded in £, i.e. sup,, E|X,| < co. Then, almost surely, X, 2 limy, o0 XN
exists and is finite.

3. [Section 13.7 A necessary and sufficient condition for .#' convergence]
Let {X,,} be a sequence in Z', and let X € .Z!. Then X,, — X in #! if and only if both of the following

two conditions are satisfied

(a) X, 5 X.
(b) The sequence {X,,} is UL

2 Levy’s ‘Upward’ Theorem

2.1 Main Theorem

Let £ € £1(Q, Z,P) and M,, £ E(¢|.%,) a.s. Then
1. M is U.I. Martingale.

2. M, —n2E(|ZFx) as. in L.

2.2 Recall of Previous Theorem

1. [Section 13.4] Let X € .#!. Then the class
{IE(X|£4) : ¢ is a sub-o-algebra of g}

is uniformly integrable.

2. [Section 1.6b] If two probability measures agree on a m-system, then they agree on the o-algebra generated
by that 7-system.

3 Martingale Proof of Kolmogorov’s 0-1 Law

3.1 Main Theorem

Let X1, X9, -+ be a sequence of independents R.V.s. Define Z,, = 0(X, 41, Xpt2,---) and Z = Ny, I, as the
tail o-algebra. Then

FeZ=PF)e{0,1}.
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3.2 Recall of Previous Theorem

[Section 4.11 Kolmogorov’s 0-1 Law (Partial)] Let X;,---, X, be independent R.V.s. Define %, =
o(X1, - ,Xp) and Z,, = 0(Xp+1, Xnt1,- -+ ). Then .%,, and Z,, are independent.

4 Levy’s ‘Downward’ Theorem

4.1 Main Theorem

Consider the measure space (€2,.%,P). Let {%_n RS N} be collection of sub o-algebra of .% s.t.
G TG S CY () CY S C Y
Let v € ZYQ,.7,P) and define M_,, £ E(y|4_,,). Then

1. M_o 2 lim,, oo M_,, exists a,s. in ZL.

2. Mo =E(y]|9-) as.

4.2 Recall of Previous Theorem

[Section 13.6 Bounded Convergence Theorem] Let {X,} be a sequence of R.V.s, and let X be a R.V.
Suppose X, 2 X and that for some K € [0,00), we have for every n and w,

[Xn(W)| < K

Then E(| X, — X|) = 0

5 Martingale Proof of Strong Law of Large Number

Let X1, X, -- be IID R.V.s with u = E|X}| < oo, Vk € NT. Define S,, = X1 + --- + X,,, then

n~ 1S, — pas. in L.

Remark: We did provide proof of SLLN before but only almost sure convergence is shown, where the Martingale
proof also shows the . convergence.

6 Doob’s Submartingale Inequality

Let Z be non-negative submartingale. Then for ¢ > 0,

clP (sup Z > c> <E {Zn;sup 7y, > c} <E(Z,)
k<n k<n

6.1 Trivial Lemma

If M is a Martingale, ¢ is a convex function, and E|c(M,)| < oo, Vn, then ¢(M) os a Submartingale.

6.2 Application: Kolmogorov’s inequality
Let (Xn : n € N) be a sequence of independent zero-mean R.V.s in .£2. Define o,% 2 VarX;,.
Sp 2 X1+ + Xn, V2 Var(S,) =) o
Then for ¢ > 0, =
P (sup |Sk| > c) <V

k<n
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7 Law of Iterated Logarithm: special case

Let X1, -, Xy % N(0,1). Define S, = X; + Xo + - + X,. Then

limsu Sn =1
e (2nloglogn)t/2

8 A standard estimate on the normal distribution

Suppose X ~ N(0,1), then Vz € R, P(X > z) =1 —®(x) = [ ° ¢(y)dy, where ¢(y) = (27r)*1/26*92/2 is
the density of N(0,1). Then for z > 0,

1. P(X >2) <z lp().

2. P(X >2) > (z+ 27 to(z).

9 Remarks on exponential bounds; large-deviation theory

Omitted

10 A consequence of Holder’s inequality

Suppose X and Y are non-negative R.V.s such that
P(X>c)<EY;X >¢), Ve>0

1

Then, for p > 1 and p~! + ¢~ ! = 1, we have

Xl < allYllp

11 Doob’s L? inequality

1. Let p > 1 and define ¢ so that p~' 4+ ¢~! = 1. Let Z be non-negative submartingale bounded in LP.
Define Z* £ supycz+ Z;. Then Z* € £P and indeed

127lp < gsup | Zr |,
T

, i.e. the submartingale is therefore dominated by the element Z* in £P. Also, as n — 00, Zso =
lim,, .o Z, exists a.s. in LP and

||ZOO||p = Slip ||Zr||p =1 Tlggo ”ZTHP'

2. If Z is of the form | M|, where M is martingale bounded in £P, then M, = lim,,_,~ M, exits a.s. and
in LP. And of course Zo, = |[M| a.s.
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12 Kakutani’s Theorem on ‘Product’ Martingales

Let X1, Xo, - be independent non-negative R.V.s, each of mean 1. Define My £ 1, and for n € N, let
M, 2 X1 Xs- X,
Then M is a non-negative martingale, so that
Mo 2 lim M, exists a.s.
n—oo

And the following five statements are equivalent.
1. E(Mx) = 1.
2. M, = My in L.
3. Mis UL
4. [Tan > 0, where 0 < a,, = JE(X}L/Q) <1
5. > (1 —ap) < oo.

If one of the above statements fails to hold, then P(M, = 0) = 1.

13 Appendix: % and OST for U.I. Martingale

13.1 Definition of %,

Let T be a stopping time. Then, for F' C Q, we say that F € Zp if
FN{T =n} € %, ¥n € ZT U {x}
Then % is also a o-algebra.

Let X be a supermartingale. Let T be a stopping time such that, for some N € N, T'(w) < N, Vw. Then
Xr e 1 (Q, yT,]P)) and

E(Xn|Z1) < X1

Let M be a UI Martingale. Then, for any stopping time 7', E(M|-#r) = Mp

13.2 Doob’s OST for U.I. Martingales

If M is a Ul Martingale and S and T are both stopping time with .S < T, then

E(Mr|%#s) = Mg, a.s.

If M is a UI Martingale, and T is a stopping time, then E(|M7|) < co and
E(Mr) = E(Mo)
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