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Chapter 14: Ul Martingales (Research Group Reading)

Martin, Ma Ting Tin Probability with Martingales



0 Uniformly Integrable Martingale

Martin, Ma Ting Tin Probability with Martingales



Uniformly Integrable Martingale

Let M be U.l. martingale, i.e. M is a Martingale on (2, .#,{.%,},P)
and {1} is U.l. family. Then

@ )M exists a.s. in £

Q M, = E(M|%n).

Proof of 1

M is U.l. implies that M is Martingale bounded in .#! and hence by
Doob’s 'Forward’ Convergence Theorem, M., £ lim,,_, M,, exist a.s.,
i.e. M, “¥ M., and it implies that M,, ©% M. By Section 13.7, £
convergence holds, i.e.

E|M, — Mo| — 0.
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Uniformly Integrable Martingale

Proof of 2

We proceed step by step.

Q VF € %,,Vr > n,E(M,; F) = E(M,; F).
Trivial for r = n. Consider the case r» > n. Noticing that .%,, C .%,._1, then by
property of conditional expectation, we have

E(M,| %) = IE{IE(MT|§T_1)|§7L} = E(My_1| %) = - - = E(My| Fn)

Then for F € .%,,E(M,; F) = E(M,; F).

(Jensen)
Q [E(M,; F) — E(Mu; F)| = [E(M, — Mo; F)| < E(|M; — Mwo|; F)
E|M, — Mu|. It follows by the #* convergence that

(Positivity)
<

lim |E(M;; F) — E(Ms; F)| < lim E|M, — M| =0
T—r 00

and hence lim, .. E(M,; F) = E(M; F)
© By taking limit on equality obtained in (1) w.r.t to r, we obtained

E(Mw; F) = E(My; F) a.s.
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Levy’s Upward Theorem

Let ¢ € £Y(Q,.#,P) and M,, £ E(¢|.%,) a.s. Then
@ M is U.l. Martingale.
Q M, —»n=E(|F)as. in L.

Proof: [M is U.Il. Martingale]

@ Measurability: Follows from definition of conditional expectation.
@ Integrability: As ¢ € £,
EIM,| = E{[E(61%0)| } < E{E(lg]|#1) } = Elé] < o0

© Martingale Property:
E(Mns1|#n) = E{ B¢} Fns1)

Fn} = E(ﬂgn) =M,

By section 13.4, for £ € £, the class {E(ﬂﬁn) ‘n € Z} is U.I. and hence M is U.I.
Martingale
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Levy’s Upward Theorem

Proof: [M,, — n = E(¢|.%.) a.s. in 1]
As we can write ¢ = ¢ — ¢~ for some non-negative R.V. ¢, ¢, WLOG, assume
& > 0. Define two measure Q1, Q2 on the measurable space (2, %) by

Qu(F) =E(m; F) and Qa(F) =E(Msw;F), for F € F.
As E(n|.F,) = E{E(é\%)%} — E(£|.) = My, = E(Mo|.Z). Then for F € Z, |
Qu(F) = E(n; F) = E(Ma; F) "2V E(Moc; F) = Qu(F).

,i.e. Q1, Q2 agrees on the w-system U,,.%,, and hence by Lemma 1.6, i.e. two
probability measure agree on a = system implying the agreement on the o algebra
generated by that w-system. In our case, Q1, Q2 agree on Fo, £ (U, Fn).

As both n, M are #..-measurable. Or formally, M., has to be .%..-measurable by
defining Mo, £ limsup M,,. Hence the event F' 2 {w : ) > Mo} € Foo. As
Qu(F) = Qa(F),
E(n — Moo; F) =E(n; F) —E(Mo; F) =0 = P(Ms >1n) =0
By symmetry, P(M« < n) = 0 and hence P(M, =1n) =1

Martin, Ma Ting Tin Probability with Martingales 7/41



Technical Remark

In the previous proof, we has to apply Lemma 1.6 to justify the agreement of Q; and
Q2 on Z.. The key is that in general, for increasing sub-c-algebra of .7, i.e

FoCF - CFp T

, UnZ,, is NOT itself a o-algebra but only w-system and thus the extension lemma is
required. We then give an explicit example.

Example 1
Consider the measure space (2, #,{%, : n € N},P), where
—[0,1,.7 = ([0, 1)), Fi = a{[O,Q K2k, 2 x 278, - [(2F — 1)2*,1]} and P

denotes the Lebesgue Measure on [0, 1]. Suppose U;.%; is a o-algebra.

Pick arbritrary = € [0, 1]\@Q and construct an sequence si, s, - - - converging to = from
the left, where s; = (2 — 1)/2" for some k € N, its existence is guaranteed by the
binary representation. Therefore,

[z,1] = Nien(s:, 1] € VienFi
However, for each fixed k, the elements in .%;. are either rational number or intervals
with rational number as its endpoints, i.e. [z, 1] ¢ .%; for all i € N. Contradiction arises
and hence U;en.%; is NOT a o-algebra.
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Martingale Proof of Kolmogorov’s 0-1 Law

Let X1, X, --- be a sequence of independents R.V.s. Define
Zn = 0(Xnt1, Xnyo,---) and Z = N, I,, as the tail o-algebra. Then

FeZI=PF)e{0,1}.

Define %, £ o(X1,--+ ,Xx). Let F € ZTand n = 1(F). Since n € b%, i.e. Bounded
and %..-measurable function. By Levy’s Upward Theorem,

n=En|%«x) = lim E(n|.%,) a.s.

n—oo

Also,as Z,, D Z,+1 D --- D Z, then n is Z,,-measurable and hence independent of .%,,
for each n € N. By the independence, we have

{0,1} 59 = lim E(y|#,) = lim B(F) = B(F)

n—oo
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Levy’s Downward Theorem

Consider the measure space (2, .7, P). Let {Sﬂn i né€ N} be collection of sub
o-algebra of .7 s.i.

G ot MGk C CY (1) CGn - CY
Lety € ZY(Q, #,P) and define M_,, £ E(y|%_,,). Then
Q M_ 2lim, 0o M_, exists a,s. in £*.
Q M_ =E(|¥9-) as.

Q ASE|M_.|=E |]E('y\%_n)|} < ]E{E(|7||%_n)} — Ely| < oo, we have
sup,, E|M_,| < E|y| < co. By Doob’s Forward Convergence Theorem,
M_o £ lim, 0o M_,, exists a.s. in Z*.
Q ForGe% .. C9%_,., wehave
E(M-r|9-c0) = E{E(Y|%-1)|%-c0 } = E(Y|9-c0)
Notice that v € .#* implies E(y|%-) being bounded. Therefore, by bounded
convergence theorem, E(v|G) = E(M_«|G) = M_
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e Martingale Proof of the Strong Law
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Martingale Proof of the Strong Law

Let X1, Xo,--- be IID R.V.s with E| X | < oo, Yk € N*. Define u £ E(X;) and
Sn & X1+ -+ Xn, then n 'S, — pas. in £

Define 4, £ 0(Sn, Snt1,---) and 4_., £ N,%_,.. Recall from Section 9.11,
E(X1|9-n) =E(X1]Sn) =+ = E(Xn|Sa) =E{n " (X1 + -+ X,)|Sn} =n"'S,

AsX, €L and¥ 129 22 D% DY (n41) 2 - Fmo. By Levy’s Downward
Theorem,

lim n” 'S, = lim (X1|9-,) £ L exists a.s. in £*
As the limit exist and by the IID property, we can write for each k£ € N,
= limsup,,_, .. (Xi+1 + -+ + Xk+n)/n so that L € mZ,, where
Ik L 0(Xpr1, Xeta, ). By Kolmogorov's 0-1 Law, as L € mZy, for all k,
P(L = c¢) = 1 for some fixed ¢ € R. By Fatou’s (and its Reverse) lemma,
E(L) =E( lim n~'S,) < liminf E(n"'S,) = liminf u = p
n—oo n—oo n—ro0
E(L) = E( lim n~'S,) > limsupE(n"'S,) = limsup yu = p
—00

w n— oo n— oo
Hence c = E(c) = E(L) = p a.s.
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Doob’s Submartingale Inequality

Let Z be non-negative submartingale. Then for ¢ > 0,

cP (Sup Zy > c) <E {Zn; sup Z > c} <E(Z,)

k<n k<n

Let FF £ { sup,,, Zx > c}. Then F can be written as a disjoint union
F=FUFL U UF,,where Fy £ {Z; > c} and
Fké{Zo <C}ﬂ{Z1 <C}ﬂ"'ﬂ{Zkzc}
Obviously, Fy, € %, and Zi > con Fj. Hence for n > k,
E(Zy; Fy) > E(Zk; Fr) > cP(Fy)
, Where the first inequality sign follows from the submartingale property. Summing
over the index k from 1 to n gives the desired inequality.
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Trivial Lemma

If M is a Martingale, ¢ is a convex function, and E|c(M,,)| < oo, Vn,
then ¢(M) is a Submartingale.

Measruability and Integrability is obvious. The supermartingale
condition follows from Jensen’s inequality.

B{e(Mn1)|Fn } > ¢(B{Mp11|-F0}) = c(My)
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Kolmogorov’s inequality

Theorem

Let (Xn : n € N) be a sequence of independent zero-mean R.V.s in .#2. Define
2 £ VarXy.

Sp2 X4+ X, Vn2Var(S Zak
Then for ¢ > 0,

k<n

AP (sup |Sk| > c> < Vn

As S is a Martingale, S? is a Submartingale. It follows from the Doob’s
Submartingale Inequality that for ¢ > 0,

P (sup|S | > c) =c P(sup52 >c ) <E(S?) =V,
k<n k<
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ﬂ Law of Iterated Logarithm: special case
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Law of lterated Logarithm

Let X1, -+, X, “ N(0,1). Define S, = X1 + X2+ -+ + X,.. Then
. Sh
limsup ———— = =1

n—oo (2nloglogn)'/?

Proof [1. Exponential Bound]

Define .%, £ o(X1,- -+, X,). Recall section 10.4a, S is a martingale w.r.t. {%,}. As
S, ~ N(0,n), then recall the MGF of normal density, we have E(e?S7) = ¢?°"/2 < co.
Notice that = — €% is convex in R and hence " is a submartingale. By Doob’s
submartingale inequality, as ¢?” is non-negative, we have

2
ch]P; (sup Sh > C) _ 60CP (sup egsk > ch) < ]E(eGSn) _ 60 n/2
k<n k<n

and hence P (supkSn Sk > c) < e2m%° <% Ag ¢ is arbitrary, we can find a more

2
sensible bound by setting 6 = ¢/n and so P (supkgn Sk > c) <e 2m.
(Recall section 6.4: Selection of optimum bound)
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Law of lterated Logarithm

Proof [2. Obtaining an upper bound]

Let K € (1,00). Define h(n) £ (2nloglogn)'/? and ¢, 2 Kh(K™™'). Then
K?2K™ 'loglog(K™~ 1)}

P sup Sk >cn | < effcn/K = exp{
k<K™

2K™
= exp {—Klog [(n —-1) logK]} =(n—-1)"FlogK)™ ¥

Denote A, = {w € Q: Supk<Kn Sk > cn}. It follows that

ZIF’ ) < P(A1) —I—Z n—1)" (logK)szl—l—(logK)*KZn*K<oo
n=2 n=1
whenever K > 1. By Borel Cantelli 1, P(A, i.0.) = 0 and hence P(A;, e.v.) = 1.
Therefore, almost surely, Ing(w) s.t. Vn > no(w), we have for k € [K™ ', K™,
Sk < sup Sk < cn = Kh(K" ") < Kh(k)
k<K™n

where the last inequality follows from monotonicity of i(-). Hence,

limsup h(k) 'S, < K a.s.
As the only requirement above is that K e (1,00). We can take K; = 1 + ¢! to yield
limsup,,_,.. h(k) 'Sk < K; a.s.. By taking limit as ¢ — oo, we obtain

lim sup h(k)flsk <1a.s.
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Law of lterated Logarithm

Proof [3. Obtaining a lower bound]
Let N € NN [2,00). Let e € (0, 1). For simplicity, denote S(r) £ S,.. Define the event
Fo & {S(N™1) = S(N") > 1 - e)h(N"*!' = N™) }.

Notice that S(N"*1) — S(N™) ~ N(0, N*T! — N™). Therefore,

{S(N™1) — S(N™)}/+/Nn*tT — N" ~ N(0,1). By result in section 14.8(b), we obtain
o S(NMTH) — S(N™) h(N™T — N™) i1 82

P(Fy) —P( (N" 1 — N1z > (1—6)(Nn+1 — N2 > \/%(y—i-y ) ez

, Where y £ (1 — e)\/Z loglog(N™t1 — Nn). After tedious algebra, we obtain
P(F,) ~ (nlog N)~(=9% and hence Y.°°  P(F,,) = oo. As X1, Xz, --- are IID,
{F. : n € N} is sequence of independent events. By Borel-Cantelli Lemma 2,
P(limsup,,_, . Fr) = 1, i.e. almost surely infinitely many F,, occur.
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Law of lterated Logarithm

Proof [3. Obtaining a lower bound] Cont

Explicitly, for infinitely many n, S(N"*1) > (1 — €)h(N™™ — N™) + S(N™). But by
step 2, for large n, we have S(N") < 2h(N™). As S(N™) = —S(N™), we have
S(N™) > —2h(N™). So for infinitely many n,

S(N™™) > (1 — e)h(N"T' — N™) — 2h(N™).

It follows from definition that
lim sup i(k) "' Sk > limsup A(N"TH)7LS(N™ 1) > (1 —¢)

R(N™t1 — N™) _h(N")

k—oo n— oo

n+1l __ n
Sl — e 2 N (1—e)(1—N"YH/2_aN~
N© +

Nn+1

Letting N — oo and ¢ | 0, we have limsup,_,__ h(k) 'Sy > 1. Recall from part (2)
that lim sup,_, . h(k)~ 'Sk < 1. Therefore,
limsuph(k) 'S, =1

k—oo

h(N7+1) T ST N+l

1/2
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e A standard estimate on the normal distribution
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A standard estimate on the normal distribution

Suppose X ~ N(0,1), then Vo € R, P(X > z) = 1 — ®(z) = [ ¢(y)dy, where
o(y) = (2m)/2e7¥"/2 s the density of N'(0,1). Then for z > 0,
Q P(X >2) <z lo(2).
Q P(X >z)>(z+z7 1) o).

| A\

Proof

@ Notice that ¢’ (y) = —yy(y). Therefore, for = > 0,

) = / () dy = / Yoy > o / " o(y)dy = oP(X > z)

T

T

It follows that P(X > z) < 2~ ().

@ Notice that (y_lcp(y))/ = —(1+y Hp(y). Therefore, for = > 0,
o) = / ) = / (143 20() < (1 4+ 2)P(X > 2)

Therefore, P(X > z) > 27 (1 +272) to(x) = (z + 27 1) Lo(z).

v
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@ Remarks on exponential bounds; large-deviation theory
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Comments and Reference

Obtaining exponential bounds is related to the very powerful theory of
large deviations - see Varadhan (1984), Deuschel and Stroock (1989) -
which has an ever-growing number of fields of application. See Ellis
(1985).

You can study exponential bounds in the very specific context of
martingales in Neveu (1975), Chow and Teicher (1978), Garsia (1973),
etc.

Much of the literature is concerned with obtaining exponential bounds
which are in a sense best possible. However, 'elementary’ results such
as the Azuma-HoefFding inequality in Exercise E14.1 are very useful
in numerous applications. See for example the applications to
combinatorics in Bollobas (1987).
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@ A consequence of Holder’s inequality
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A consequence of Holder’s inequality

Suppose X and Y are non-negative R.V.s such that
P(X >c) <EY;X >¢), Ve>0
Then, forp >1andp~' + ¢~ = 1, we have || X||, < q||Y]|,

Notice that by assumption, L £ [* pc? 'P(X > ¢)dc < [° pc” *E(Y; X > c)dc £
Using Fubini’s Theorem with non-negative integrands, we obtaln

L= /Ooo (/Q 1(X > c)(w)IP’(dw)) pc? " de = /Q (/OX(W) pcp_ldc> P(dw) = E(X?)

Similarly, we have

R= /Ooo pcf~? (/Q Y (w)1 (X (w) > c)d]P) de = /Q/OXM Y (w)pc” ™ dedP

- ]% Y (w) X (w)? 1P = gE(XP71Y).
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A consequence of Holder’s inequality

Proof (Cont)

By the inequality above and Holder inequality,

(Holder)

E(X?) <E@X"7'Y) < gVl X" g
Suppose ||Y||, < oo (Otherwise trivial). Further suppose || X ||, < oo. By noticing
(p—1)g = p, | X7, = E(X?)*? and hence || X?|| < ¢||Y]|,. Without assuming
| X||p < oo, the result also holds by using X A n instead of X to the argument above
follows by MON.
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m Doob’s LP inequality
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Doob’s L? inequality

@ Letp > 1and define g so that p~! + ¢~ = 1. Let Z be non-negative
submartingale bounded in £”. Define Z* £ sup,,,+ Zx. Then Z* € L£” and
indeed

1Z7]l» < gsup |1 Zr |
T

, i.e. the submartingale is therefore dominated by the element Z* in £?. Also, as
n — 00, Zoo = limy, 00 Z,, exists a.s. in £P and

[Zscllp = sup | Zo[lp =1 lim [ Z[]p.
r r—00

@ If Z is of the form | M|, where M is martingale bounded in £P, then
Moo = limy, 00 My, exits a.s. and in £P. And of course Z = |M| a.s.

Martin, Ma Ting Tin Probability with Martingales 32/41



Doob’s L? inequality

Proof
Forn € Z*, define Z; £ sup, ,, Zx. By Doob’s Submartingale inequality,

cP(Z; >c) <E(Zn; Zn >c¢), Ve >0
, Which satisfy the assumption in 14.10. Hence we have
1Z7llp < all Znllp < (=D 1Z- 1l
Then by MON, || Z;; ||, < gsup,. ||Z-||»- Notice that —Z is a Supermartingale in .#? and
hence also in .#* (By Monotonicity of norms). By Doob’s Forward Convergence

Theorem, Zo £ lim,_ Z» exist a.s. It suffices to show that Z. exists in .Z” sense.
Notice that

|Zn — Zool? < (227)F € 27

Therefore, we can apply Dominated convergence theorem and Z,, =14 Z~. By
Jensen’s inequality, as ||Z||, is @ non-decreasing sequence of r in R. The result
follows.
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@ Kakutani’s theorem on ‘product’ martingales
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Kakutani’s theorem on ‘product’ martingales

Theorem
Let X1, X, --- be independent non-negative R.V.s, each of mean 1.
Define My £ 1, and for n € N, let

M, £ X1 X5 X,
Then M is a non-negative martingale, so that
My = lim M, exists a.s.
And the following five statements are equivalent.
Q E(My,) =1. Q@ M, MyinZ'. @ MisU.

Q [Ja. > 0, where 0 < a, 2 E(X/?) < 1.

Q@ >(1-ay) <oo.
If one of the above statements fails to hold, then P(M,, = 0) = 1.
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Kakutani’s theorem on ‘product’ martingales

As z > zt/?

we have

is a concave (NOT convex) function. By Jensen'’s inequality (converse),

0<an 2E(X3/?) < VE(X,) =1

Suppose (4) holds. Define the sequence of R.V.s V,, by
X1/2 X1/2 X1/2

N2l x22 x...x=2

al a2 Qn,

Then E(Not1|Zn) = E(Nw X2 Jan|F2) = Ny, ie. N is a martingale. Notice that
EN; = 1/(a1a1 - an)’ < 1/(] J ar)? < o0
and hence N is bounded in .#2. By Doob’s .2 inequality, as |M,,| < |N,|?,

E (sup |Mn|) <E <sup Nn|2) < 22 supE(|N7|) < oo

so that M is doinated by M* £ sup,, |M,,| € £*. Hence M is U.l. and (1)-(3) hold.
The equiavlence of (4) and (5) follows from section (4.3). Suppose [[a» =0, as N is
non-negative martingale, lim,,_, . IV,, exists a.s. Since H a, = 0, we are forced to
conclude M, =0 a.s.
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@ Appendix: % and OST for U.l. Martingale
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The o-algebra .7, T is a stoping time

Definition of .Z1

Recall thatamap T : Q — Z* U {co} is called a stopping time if
{T =n} € F,., ¥n € Z" U {co}. We then extend the definition to define Fr.
Let T be a stopping time. Then, for F' C Q, we say that F' € % if

FN{T =n} € F, ¥n € Z" U {0}

Then %7 is also a o-algebra.

Proof

@ Obviously, )N {T =n} =0 € F,, Vn € ZT U {o0}. Hence 0 € Fr.

@ Suppose F € Fr, then F N {T =n} € Z,,¥n € Z* U {cc}. It follows by the
property of %, being an o-algebra that F° U {T # n} € %, and also as T being
stopping time implies {T' = n} € %,,

FUu{T =n}=(F°U{T #n})U{T =n} € Z%,
and hence F°¢ € Zr.
© Suppose Fi, Fs, - -- € Zr, then
{BEn{T=n}}" €Fu= (UF)N{T =n} = (FN{T =n}) € Z.
Hence U, F; € %7 and %1 is a o-algebra.
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A special case of Optional-Sampling Theorem

Let X be a supermartingale. Let T" be a stopping time such that, for some N € N,
T(w) < N, Yw. Then X1 € .£*(Q, Zr,P) and

E(Xn|Zr) < X1

Let F' € %7, then

E(Xn; F) = Y E(Xn;FN{T =n}) < Y E(Xn; FN{T = n}) = E(Xr; F)

n<N n<N
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Doob’s OST for U.l. Martingales

Let M be a Ul Martingale. Then, for any stopping time 7', E(Ms|%r) = Mr

Proof
By Theorem 14.1 and Theorem in previous page, we have for k € N,
E(M|%k) = M, and  E(My|Frak) = Mrak, a.s.
By Tower property, as #rar C %, We have
E(Moo| #rak) = E{E(Moo| Zi)| Frar } = E(My|Frar) = Mrak a.s.

If F € r,then FN{T <k} € Zrak, so that

E(Moo; F N {T < k}) = E(Mraw; F 0 {T < k}) = E(Mr; F 0 {T < k})
WLOG, assume M., > 0 and hence M,, = E(M|%.) > 0 by positivity of conditional
expectation. By letting k£ 1 co and MON, we obtained

E(Moo; FN{T < c0}) = E(M7; F N {T << o0})
The equality E(Mw; F N {T = oo}) = E(Mp; F N {T <= oco}) is trivial. It follows that
E(Ms; F) = E(Mrp; F) for all F € .%r. The proof is completed.
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Doob’s OST for U.l. Martingales

If M is a Ul Martingale and S and T" are both stopping time with S < T', then

E(MTL?Z,s) = Ms, a.s.

Proof of Corollary

Recall from previous theorem, E(M|%r) = Mr a.s. Hence we have

E(Mr|Zs) = E{E(Mw| Zr)| Zs} 57T BE(Mw| Z5) = Ms ass.

A new Optional-Stopping Theorem

If M is a Ul Martingale, and T is a stopping time, then E(|Mr|) < co and
E(Mr) = E(My)

, Which is a direct consequence of corollary above.
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