
Probability with Martingales

Chapter 14: UI Martingales (Research Group Reading)
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Uniformly Integrable Martingale

Theorem
Let M be U.I. martingale, i.e. M is a Martingale on (Ω,F , {Fn},P)
and {Mn} is U.I. family. Then

1 M∞ exists a.s. in L 1.
2 Mn = E(M∞|Fn).

Proof of 1
M is U.I. implies that M is Martingale bounded in L 1 and hence by
Doob’s ’Forward’ Convergence Theorem, M∞ , limn→∞Mn exist a.s.,
i.e. Mn

a.s.→ M∞ and it implies that Mn
pr→M∞. By Section 13.7, L 1

convergence holds, i.e.

E|Mn −M∞| → 0.
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Uniformly Integrable Martingale

Proof of 2
We proceed step by step.

1 ∀F ∈ Fn, ∀r ≥ n,E(Mr;F ) = E(Mn;F ).
Trivial for r = n. Consider the case r > n. Noticing that Fn ⊆ Fr−1, then by
property of conditional expectation, we have

E(Mr|Fn) = E
{
E(Mr|Fr−1)|Fn

}
= E(Mr−1|Fn) = · · · = E(Mn|Fn)

Then for F ∈ Fn,E(Mr;F ) = E(Mn;F ).

2 |E(Mr;F )− E(M∞;F )| = |E(Mr −M∞;F )|
(Jensen)
≤ E(|Mr −M∞|;F )

(Positivity)
≤

E|Mr −M∞|. It follows by the L 1 convergence that

lim
r→∞

|E(Mr;F )− E(M∞;F )| ≤ lim
r→∞

E|Mr −M∞| = 0

and hence limr→∞ E(Mr;F ) = E(M∞;F )
3 By taking limit on equality obtained in (1) w.r.t to r, we obtained

E(M∞;F ) = E(Mn;F ) a.s.
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Levy’s Upward Theorem

Theorem
Let ξ ∈ L 1(Ω,F ,P) and Mn , E(ξ|Fn) a.s. Then

1 M is U.I. Martingale.
2 Mn → η , E(ξ|F∞) a.s. in L 1.

Proof: [M is U.I. Martingale]
1 Measurability: Follows from definition of conditional expectation.
2 Integrability: As ξ ∈ L 1,

E|Mn| = E
{
|E
(
ξ|Fn

)
|
}
≤ E
{
E
(
|ξ|
∣∣Fn

)}
= E|ξ| <∞

3 Martingale Property:
E(Mn+1|Fn) = E

{
E(ξ|Fn+1)

∣∣∣Fn} = E(ξ|Fn) = Mn

By section 13.4, for ξ ∈ L 1, the class
{
E(ξ|Fn) : n ∈ Z

}
is U.I. and hence M is U.I.

Martingale
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Levy’s Upward Theorem

Proof: [Mn → η , E(ξ|F∞) a.s. in L 1]
As we can write ξ = ξ+ − ξ− for some non-negative R.V. ξ+, ξ−, WLOG, assume
ξ ≥ 0. Define two measure Q1,Q2 on the measurable space (Ω,F∞) by

Q1(F ) = E(η;F ) and Q2(F ) = E(M∞;F ), for F ∈ F∞.

As E(η|Fn) = E
{
E(ξ|F∞)|Fn

}
= E(ξ|Fn) = Mn = E(Mn|Fn). Then for F ∈ Fn ,

Q1(F ) = E(η;F ) = E(Mn;F ) (14.1)= E(M∞;F ) = Q2(F ).

, i.e. Q1,Q2 agrees on the π-system ∪nFn and hence by Lemma 1.6, i.e. two
probability measure agree on a π system implying the agreement on the σ algebra
generated by that π-system. In our case, Q1,Q2 agree on F∞ , σ(∪nFn).
As both η,M∞ are F∞-measurable. Or formally, M∞ has to be F∞-measurable by
defining M∞ , lim supMn. Hence the event F , {ω : η > M∞} ∈ F∞. As
Q1(F ) = Q2(F ),

E(η −M∞;F ) = E(η;F )− E(M∞;F ) = 0⇒ P(M∞ > η) = 0

By symmetry, P(M∞ < η) = 0 and hence P(M∞ = η) = 1
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Technical Remark
In the previous proof, we has to apply Lemma 1.6 to justify the agreement of Q1 and
Q2 on F∞. The key is that in general, for increasing sub-σ-algebra of F , i.e.

F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · ·

, ∪nFn is NOT itself a σ-algebra but only π-system and thus the extension lemma is
required. We then give an explicit example.

Example 1
Consider the measure space (Ω,F , {Fn : n ∈ N},P), where

Ω = [0, 1],F = B([0, 1]),Fk = σ
{

[0, 2−k], [2−k, 2× 2−k], · · · , [(2k − 1)2−k, 1]
}

and P
denotes the Lebesgue Measure on [0, 1]. Suppose ∪iFi is a σ-algebra.
Pick arbritrary x ∈ [0, 1]\Q and construct an sequence s1, s2, · · · converging to x from
the left, where si = (2k − 1)/2k for some k ∈ N, its existence is guaranteed by the
binary representation. Therefore,

[x, 1] = ∩i∈N[si, 1] ∈ ∪i∈NFi

However, for each fixed k, the elements in Fk are either rational number or intervals
with rational number as its endpoints, i.e. [x, 1] /∈ Fi for all i ∈ N. Contradiction arises
and hence ∪i∈NFi is NOT a σ-algebra.
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Martingale Proof of Kolmogorov’s 0-1 Law

Theorem
Let X1, X2, · · · be a sequence of independents R.V.s. Define
In = σ(Xn+1, Xn+2, · · · ) and I = ∩nIn as the tail σ-algebra. Then

F ∈ I ⇒ P(F ) ∈ {0, 1}.

Proof
Define Fn , σ(X1, · · · , Xn). Let F ∈ I and η , 1(F ). Since η ∈ bF∞, i.e. Bounded
and F∞-measurable function. By Levy’s Upward Theorem,

η = E(η|F∞) = lim
n→∞

E(η|Fn) a.s.

Also, as In ⊃ In+1 ⊃ · · · ⊃ I, then η is In-measurable and hence independent of Fn

for each n ∈ N. By the independence, we have

{0, 1} 3 η = lim
n→∞

E(η|Fn) = lim
n→∞

P(F ) = P(F )
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Levy’s Downward Theorem

Theorem
Consider the measure space (Ω,F ,P). Let

{
G−n : n ∈ N

}
be collection of sub

σ-algebra of F s.t.
G−∞ , ∩kG−k ⊆ · · · ⊆ G−(n+1) ⊆ G−n ⊆ · · · ⊆ G−1

Let γ ∈ L 1(Ω,F ,P) and define M−n , E(γ|G−n). Then
1 M−∞ , limn→∞M−n exists a,s. in L 1.

2 M−∞ = E(γ|G−∞) a.s.

Proof
1 As E|M−n| = E

{
|E(γ|G−n)|

}
≤ E
{
E(|γ|

∣∣G−n)
}

= E|γ| <∞, we have
supn E|M−n| ≤ E|γ| <∞. By Doob’s Forward Convergence Theorem,
M−∞ , limn→∞M−n exists a.s. in L 1.

2 For G ∈ G−∞ ⊆ G−r, we have
E(M−r|G−∞) = E

{
E(γ|G−r)|G−∞

}
= E(γ|G−∞)

Notice that γ ∈ L 1 implies E(γ|G−∞) being bounded. Therefore, by bounded
convergence theorem, E(γ|G) = E(M−∞|G) = M−∞
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Martingale Proof of the Strong Law

Theorem
Let X1, X2, · · · be IID R.V.s with E|Xk| <∞, ∀k ∈ N+. Define µ , E(X1) and
Sn , X1 + · · ·+Xn, then n−1Sn → µ a.s. in L 1.

Proof
Define G−n , σ(Sn, Sn+1, · · · ) and G−∞ , ∩nG−n. Recall from Section 9.11,

E(X1|G−n) = E(X1|Sn) = · · · = E(Xn|Sn) = E
{
n−1(X1 + · · ·+Xn)|Sn

}
= n−1Sn

As X1 ∈ L 1 and G−1 ⊇ G−2 ⊇ · · · ⊇ G−n ⊇ G−(n+1) ⊇ · · ·G∞. By Levy’s Downward
Theorem,

lim
n→∞

n−1Sn = lim
n→∞

E(X1|G−n) , L exists a.s. in L 1

As the limit exist and by the IID property, we can write for each k ∈ N,
L = lim supn→∞(Xk+1 + · · ·+Xk+n)/n so that L ∈ mIk, where
Ik , σ(Xk+1, Xk+2, · · · ). By Kolmogorov’s 0-1 Law, as L ∈ mIk for all k,
P(L = c) = 1 for some fixed c ∈ R. By Fatou’s (and its Reverse) lemma,

E(L) = E( lim
n→∞

n−1Sn) ≤ lim inf
n→∞

E(n−1Sn) = lim inf
n→∞

µ = µ

E(L) = E( lim
n→∞

n−1Sn) ≥ lim sup
n→∞

E(n−1Sn) = lim sup
n→∞

µ = µ

Hence c = E(c) = E(L) = µ a.s.
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Doob’s Submartingale Inequality

Theorem
Let Z be non-negative submartingale. Then for c > 0,

cP
(

sup
k≤n

Zk ≥ c
)
≤ E

{
Zn; sup

k≤n
Zk ≥ c

}
≤ E(Zn)

Proof
Let F ,

{
supk≤n Zk ≥ c

}
. Then F can be written as a disjoint union

F = F0 ∪ F1 ∪ · · · ∪ Fn, where F0 , {Z0 ≥ c} and
Fk , {Z0 < c} ∩ {Z1 < c} ∩ · · · ∩ {Zk ≥ c}

Obviously, Fk ∈ Fk and Zk ≥ c on Fk. Hence for n ≥ k,
E(Zn;Fk) ≥ E(Zk;Fk) ≥ cP(Fk)

, where the first inequality sign follows from the submartingale property. Summing
over the index k from 1 to n gives the desired inequality.
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Trivial Lemma

Lemma
If M is a Martingale, c is a convex function, and E|c(Mn)| <∞, ∀n,
then c(M) is a Submartingale.

Proof:
Measruability and Integrability is obvious. The supermartingale
condition follows from Jensen’s inequality.

E
{
c(Mn+1)|Fn

}
≥ c

(
E{Mn+1|Fn}

)
= c(Mn)

Martin, Ma Ting Tin Probability with Martingales 17 / 41



...

Kolmogorov’s inequality

Theorem
Let (XN : n ∈ N) be a sequence of independent zero-mean R.V.s in L 2. Define
σ2
k , VarXk.

Sn , X1 + · · ·+Xn, Vn , Var(Sn) =
n∑
k=1

σ2
k.

Then for c > 0,

c2P
(

sup
k≤n
|Sk| ≥ c

)
≤ Vn

Proof
As S is a Martingale, S2 is a Submartingale. It follows from the Doob’s
Submartingale Inequality that for c > 0,

c2P
(

sup
k≤n
|Sn| ≥ c

)
= c2P

(
sup
k≤n

S2
n ≥ c2

)
≤ E(S2

n) = Vn
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Law of Iterated Logarithm

Theorem
Let X1, · · · , Xn

iid∼ N(0, 1). Define Sn = X1 +X2 + · · ·+Xn. Then

lim sup
n→∞

Sn
(2n log logn)1/2 = 1.

Proof [1. Exponential Bound]
Define Fn , σ(X1, · · · , Xn). Recall section 10.4a, S is a martingale w.r.t. {Fn}. As
Sn ∼ N(0, n), then recall the MGF of normal density, we have E(eθSn ) = eθ

2n/2 <∞.
Notice that x 7→ eθx is convex in R and hence eθSn is a submartingale. By Doob’s
submartingale inequality, as eθSn is non-negative, we have

eθcP
(

sup
k≤n

Sk ≥ c
)

= eθcP
(

sup
k≤n

eθSk ≥ eθc
)
≤ E(eθSn ) = eθ

2n/2

and hence P
(
supk≤n Sk ≥ c

)
≤ e

1
2nθ

2−cθ. As θ is arbitrary, we can find a more

sensible bound by setting θ = c/n and so P
(
supk≤n Sk ≥ c

)
≤ e−

c2
2n .

(Recall section 6.4: Selection of optimum bound)

Martin, Ma Ting Tin Probability with Martingales 20 / 41



...

Law of Iterated Logarithm

Proof [2. Obtaining an upper bound]
Let K ∈ (1,∞). Define h(n) , (2n log logn)1/2 and cn , Kh(Kn−1). Then

P
(

sup
k≤Kn

Sk ≥ cn
)
≤ e−

1
2 c

2
n/K

n

= exp
{
− 1

2Kn
K22Kn−1 log log(Kn−1)

}
= exp

{
−K log

[
(n− 1) logK

]}
= (n− 1)−K(logK)−K .

Denote An = {ω ∈ Ω : supk≤Kn Sk ≥ cn}. It follows that
∞∑
n=1

P(An) ≤ P(A1) +
∞∑
n=2

(n− 1)−K(logK)−K = 1 + (logK)−K
∞∑
n=1

n−K <∞

whenever K > 1. By Borel Cantelli 1, P(An i.o.) = 0 and hence P(Acn e.v.) = 1.
Therefore, almost surely, ∃n0(ω) s.t. ∀n ≥ n0(ω), we have for k ∈ [Kn−1,Kn],

Sk ≤ sup
k≤Kn

Sk ≤ cn = Kh(Kn−1) ≤ Kh(k)

where the last inequality follows from monotonicity of h(·). Hence,
lim sup
n→∞

h(k)−1Sk ≤ K a.s.

As the only requirement above is that K ∈ (1,∞). We can take Kt = 1 + t−1 to yield
lim supn→∞ h(k)−1Sk ≤ Kt a.s.. By taking limit as t→∞, we obtain

lim sup
n→∞

h(k)−1Sk ≤ 1 a.s.
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Law of Iterated Logarithm

Proof [3. Obtaining a lower bound]
Let N ∈ N ∩ [2,∞). Let ε ∈ (0, 1). For simplicity, denote S(r) , Sr. Define the event

Fn ,
{
S(Nn+1)− S(Nn) > (1− ε)h(Nn+1 −Nn)

}
.

Notice that S(Nn+1)− S(Nn) ∼ N(0, Nn+1 −Nn). Therefore,
{S(Nn+1)− S(Nn)}/

√
Nn+1 −Nn ∼ N(0, 1). By result in section 14.8(b), we obtain

P(Fn) = P
(
S(Nn+1)− S(Nn)
(Nn+1 −Nn)1/2 ≥ (1− ε) h(Nn+1 −Nn)

(Nn+1 −Nn)1/2

)
≥ 1√

2π
(y + y−1)−1e−

y2
2

, where y , (1− ε)
√

2 log log(Nn+1 −Nn). After tedious algebra, we obtain
P(Fn) ≈ (n logN)−(1−ε)2

and hence
∑∞

n=1 P(Fn) =∞. As X1, X2, · · · are IID,
{Fn : n ∈ N} is sequence of independent events. By Borel-Cantelli Lemma 2,
P(lim supn→∞ Fn) = 1, i.e. almost surely infinitely many Fn occur.
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Law of Iterated Logarithm

Proof [3. Obtaining a lower bound] Cont.
Explicitly, for infinitely many n, S(Nn+1) > (1− ε)h(Nn+1 −Nn) + S(Nn). But by
step 2, for large n, we have S(Nn) ≤ 2h(Nn). As S(Nn) d= −S(Nn), we have
S(Nn) ≥ −2h(Nn). So for infinitely many n,

S(Nn+1) > (1− ε)h(Nn+1 −Nn)− 2h(Nn).

It follows from definition that

lim sup
k→∞

h(k)−1Sk ≥ lim sup
n→∞

h(Nn+1)−1S(Nn+1) ≥ (1− ε)h(Nn+1 −Nn)
h(Nn+1) − 2h(Nn)

Nn+1

≈(1− ε)

√
Nn+1 −Nn

Nn+1 − 2
√

Nn

Nn + 1 = (1− ε)(1−N−1)1/2 − 2N−1/2

Letting N →∞ and ε ↓ 0, we have lim supk→∞ h(k)−1Sk ≥ 1. Recall from part (2)
that lim supk→∞ h(k)−1Sk ≤ 1. Therefore,

lim sup
k→∞

h(k)−1Sk = 1
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A standard estimate on the normal distribution

Theorem
Suppose X ∼ N(0, 1), then ∀x ∈ R, P(X > x) = 1− Φ(x) =

∫∞
x
ϕ(y)dy, where

ϕ(y) = (2π)−1/2e−y
2/2 is the density of N(0, 1). Then for x > 0,

1 P(X > x) ≤ x−1ϕ(x).
2 P(X > x) ≥ (x+ x−1)−1ϕ(x).

Proof
1 Notice that ϕ′(y) = −yϕ(y). Therefore, for x > 0,

ϕ(x) =
∫ x

−∞
ϕ(y)′dy =

∫ ∞
x

yϕ(y)dy ≥ x
∫ ∞
x

ϕ(y)dy = xP(X > x)

It follows that P(X > x) ≤ x−1ϕ(x).
2 Notice that

(
y−1ϕ(y)

)′ = −(1 + y−2)ϕ(y). Therefore, for x > 0,

x−1ϕ(x) =
∫ x

−∞

(
y−1ϕ(y)

)′ =
∫ ∞
x

(1 + y−2)ϕ(y) ≤ (1 + x−2)P(X > x)

Therefore, P(X > x) ≥ x−1(1 + x−2)−1ϕ(x) = (x+ x−1)−1ϕ(x).
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Comments and Reference

Obtaining exponential bounds is related to the very powerful theory of
large deviations - see Varadhan (1984), Deuschel and Stroock (1989) -
which has an ever-growing number of fields of application. See Ellis
(1985).
You can study exponential bounds in the very specific context of
martingales in Neveu (1975), Chow and Teicher (1978), Garsia (1973),
etc.
Much of the literature is concerned with obtaining exponential bounds
which are in a sense best possible. However, ’elementary’ results such
as the Azuma-HoefFding inequality in Exercise E14.1 are very useful
in numerous applications. See for example the applications to
combinatorics in Bollobas (1987).
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A consequence of Holder’s inequality

Theorem
Suppose X and Y are non-negative R.V.s such that

cP(X ≥ c) ≤ E(Y ;X ≥ c), ∀c > 0
Then, for p > 1 and p−1 + q−1 = 1, we have ‖X‖p ≤ q‖Y ‖p

Proof
Notice that by assumption, L ,

∫∞
0 pcp−1P(X ≥ c)dc ≤

∫∞
0 pcp−2E(Y ;X ≥ c)dc , R.

Using Fubini’s Theorem with non-negative integrands, we obtain

L =
∫ ∞

0

(∫
Ω
1(X ≥ c)(ω)P(dω)

)
pcp−1dc =

∫
Ω

(∫ X(ω)

0
pcp−1dc

)
P(dω) = E(Xp)

Similarly, we have

R =
∫ ∞

0
pcp−2

(∫
Ω
Y (ω)1

(
X(ω) ≥ c

)
dP
)
dc =

∫
Ω

∫ X(ω)

0
Y (ω)pcp−2dcdP

= p

p− 1

∫
Y (ω)X(ω)p−1dP = qE(Xp−1Y ).
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A consequence of Holder’s inequality

Proof (Cont)
By the inequality above and Holder inequality,

E(Xp) ≤ E(qXp−1Y )
(Holder)
≤ q‖Y ‖p‖Xp−1‖q

Suppose ‖Y ‖p <∞ (Otherwise trivial). Further suppose ‖X‖p <∞. By noticing
(p− 1)q = p, ‖Xp−1‖q = E(Xp)1/q and hence ‖Xp‖ ≤ q‖Y ‖p. Without assuming
‖X‖p <∞, the result also holds by using X ∧ n instead of X to the argument above
follows by MON.
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Doob’s Lp inequality

Theorem
1 Let p > 1 and define q so that p−1 + q−1 = 1. Let Z be non-negative

submartingale bounded in Lp. Define Z∗ , supk∈Z+ Zk. Then Z∗ ∈ Lp and
indeed

‖Z∗‖p ≤ q sup
r

‖Zr‖p

, i.e. the submartingale is therefore dominated by the element Z∗ in Lp. Also, as
n→∞, Z∞ , limn→∞ Zn exists a.s. in Lp and

‖Z∞‖p = sup
r

‖Zr‖p =↑ lim
r→∞

‖Zr‖p.

2 If Z is of the form |M |, where M is martingale bounded in Lp, then
M∞ = limn→∞Mn exits a.s. and in Lp. And of course Z∞ = |M∞| a.s.
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Doob’s Lp inequality

Proof
For n ∈ Z+, define Z∗n , supk≤n Zk. By Doob’s Submartingale inequality,

cP(Z∗n ≥ c) ≤ E(Zn;Z∗N ≥ c), ∀c > 0

, which satisfy the assumption in 14.10. Hence we have

‖Z∗n‖p ≤ q‖Zn‖p ≤ q sup
r

‖Zr‖p

Then by MON, ‖Z∗n‖p ≤ q supr ‖Zr‖p. Notice that −Z is a Supermartingale in L p and
hence also in L 1 (By Monotonicity of norms). By Doob’s Forward Convergence
Theorem, Z∞ , limn→∞ Zn exist a.s. It suffices to show that Z∞ exists in L p sense.
Notice that

|Zn − Z∞|p ≤ (2Z∗)p ∈ L p

Therefore, we can apply Dominated convergence theorem and Zn
L p

→ Z∞. By
Jensen’s inequality, as ‖Zr‖p is a non-decreasing sequence of r in R. The result
follows.
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Kakutani’s theorem on ‘product’ martingales

Theorem
Let X1, X2, · · · be independent non-negative R.V.s, each of mean 1.
Define M0 , 1, and for n ∈ N, let

Mn , X1X2 · · ·Xn.

Then M is a non-negative martingale, so that

M∞ , lim
n→∞

Mn exists a.s.

And the following five statements are equivalent.

1 E(M∞) = 1. 2 Mn →M∞ in L 1. 3 M is U.I.

4
∏
an > 0, where 0 < an , E(X1/2

n ) ≤ 1.
5
∑

(1− an) <∞.
If one of the above statements fails to hold, then P(M∞ = 0) = 1.
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Kakutani’s theorem on ‘product’ martingales

Proof
As x 7→ x1/2 is a concave (NOT convex) function. By Jensen’s inequality (converse),
we have

0 < an , E(X1/2
n ) ≤

√
E(Xn) = 1

Suppose (4) holds. Define the sequence of R.V.s Nn by

Nn ,
X

1/2
1
a1
× X

1/2
2
a2
× · · · × X

1/2
n

an
Then E(Nn+1|Fn) = E(NnX1/2

n+1/an|Fn) = Nn, i.e. N is a martingale. Notice that

EN2
n = 1/(a1a1 · · · an)2 ≤ 1/(

∏
ak)2 <∞

and hence N is bounded in L 2. By Doob’s L 2 inequality, as |Mn| ≤ |Nn|2,

E
(

sup
n

|Mn|
)
≤ E

(
sup
n

|Nn|2
)
≤ 22 sup

r

E(|N2
n|) <∞

so that M is doinated by M∗ , supn |Mn| ∈ L 1. Hence M is U.I. and (1)-(3) hold.
The equiavlence of (4) and (5) follows from section (4.3). Suppose

∏
an = 0, as N is

non-negative martingale, limn→∞Nn exists a.s. Since
∏
an = 0, we are forced to

conclude M∞ = 0 a.s.
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The σ-algebra FT , T is a stoping time

Definition of FT

Recall that a map T : Ω 7→ Z+ ∪ {∞} is called a stopping time if
{T = n} ∈ Fn, ∀n ∈ Z+ ∪ {∞}. We then extend the definition to define FT .
Let T be a stopping time. Then, for F ⊆ Ω, we say that F ∈ FT if

F ∩ {T = n} ∈ Fn, ∀n ∈ Z+ ∪ {∞}

Then FT is also a σ-algebra.

Proof
1 Obviously, ∅ ∩ {T = n} = ∅ ∈ Fn, ∀n ∈ Z+ ∪ {∞}. Hence ∅ ∈ FT .
2 Suppose F ∈ FT , then F ∩ {T = n} ∈ Fn, ∀n ∈ Z+ ∪ {∞}. It follows by the

property of Fn being an σ-algebra that F c ∪ {T 6= n} ∈ Fn and also as T being
stopping time implies {T = n} ∈ Fn,

F c ∪ {T = n} = (F c ∪ {T 6= n}) ∪ {T = n} ∈ Fn

and hence F c ∈ FT .
3 Suppose F1, F2, · · · ∈ FT , then{

Fi ∩ {T = n}
}∞
i=1
∈ Fn ⇒ (∪nFi) ∩ {T = n} = ∩n (Fi ∩ {T = n}) ∈ Fn.

Hence ∪nFi ∈ FT and FT is a σ-algebra.
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A special case of Optional-Sampling Theorem

Theorem
Let X be a supermartingale. Let T be a stopping time such that, for some N ∈ N,
T (ω) ≤ N, ∀ω. Then XT ∈ L 1(Ω,FT ,P) and

E(XN |FT ) ≤ XT

Proof
Let F ∈ FT , then

E(Xn;F ) =
∑
n≤N

E(XN ;F ∩ {T = n}) ≤
∑
n≤N

E(Xn;F ∩ {T = n}) = E(XT ;F )

Martin, Ma Ting Tin Probability with Martingales 39 / 41



...

Doob’s OST for U.I. Martingales

Theorem
Let M be a UI Martingale. Then, for any stopping time T , E(M∞|FT ) = MT

Proof
By Theorem 14.1 and Theorem in previous page, we have for k ∈ N,

E(M∞|Fk) = Mk and E(Mk|FT∧k) = MT∧k, a.s.

By Tower property, as FT∧k ⊆ Fk, we have

E(M∞|FT∧k) = E
{
E(M∞|Fk)

∣∣FT∧k
}

= E(Mk|FT∧k) = MT∧k a.s.

If F ∈ FT , then F ∩ {T ≤ k} ∈ FT∧k, so that

E(M∞;F ∩ {T ≤ k}) = E(MT∧k;F ∩ {T ≤ k}) = E(MT ;F ∩ {T ≤ k})
WLOG, assume M∞ ≥ 0 and hence Mn = E(M∞|Fn) ≥ 0 by positivity of conditional
expectation. By letting k ↑ ∞ and MON, we obtained

E(M∞;F ∩ {T <∞}) = E(MT ;F ∩ {T ≤<∞})

The equality E(M∞;F ∩ {T =∞}) = E(MT ;F ∩ {T ≤=∞}) is trivial. It follows that
E(M∞;F ) = E(MT ;F ) for all F ∈ FT . The proof is completed.
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Doob’s OST for U.I. Martingales

Corollary
If M is a UI Martingale and S and T are both stopping time with S ≤ T , then

E(MT |FS) = MS , a.s.

Proof of Corollary
Recall from previous theorem, E(M∞|FT ) = MT a.s. Hence we have

E(MT |FS) = E
{
E(M∞|FT )

∣∣FS

} (FS⊆FT )= E(M∞|FS) = MS a.s.

A new Optional-Stopping Theorem
If M is a UI Martingale, and T is a stopping time, then E(|MT |) <∞ and

E(MT ) = E(M0)

, which is a direct consequence of corollary above.
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